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1. INTRODUCTION AND THE MAIN RESULTS
Throughout this paper, by an algebra is meant an artin algebra over a xed
commutative artin ring R, which we shall assume (without loss of generality) to
be basic and indecomposable. For an algebra A, we denote by modA the category
of nitely generated right A-modules and by indA the full subcategory of modA
formed by the indecomposable modules. The Jacobson radical <A of modA is the
ideal generated by all nonisomorphisms between modules in indA, and the innite
radical <1A of modA is the intersection of all powers <iA, i  1, of <A. By a result
of Auslander [4], <1A = 0 if and only if A is of nite representation type, that is,
indA admits only a nite number of pairwise nonisomorphic modules. On the other
hand, if A is of innite representation type then (<1A )2 6= 0, by a result proved
in [21]. We denote by  A the Auslander-Reiten quiver of A and by A = DTr its
translation. We do not distinguish between a module in indA and the vertex of
 A corresponding to it. By a component of  A we mean a connected component
of the quiver  A. In general, the Auslander-Reiten quiver  A describes only the
quotient category modA=<1A . In order to obtain more information on the structure
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of a module category modA it is important to study the behaviour of components
of  A in the module category.
An important research direction towards understanding the structure of module
categories is the study of compositions of irreducible morphisms between indecom-
posable modules. Basic properties of irreducible morphisms between modules and
their connection with almost split sequences have been established in the classi-
cal papers by Auslander and Reiten [5]{[8] 40 years ago. In [10] Bautista proved
that a morphism f : X ! Y between two indecomposable modules X and Y in
a module category modA is irreducible if and only if f 2 <A(X;Y ) n <2A(X; Y ).
This was generalized by Igusa and Todorov [23, Theorem 13.3] who proved that,
for a sectional path
X0
f1   ! X1 f2   !    fn 1   ! Xn 1 fn   ! Xn
of irreducible morphisms between indecomposable modules in modA, we have
fn : : : f2f1 2 <nA(X0; Xn)n<n+1A (X0; Xn). In [24]{[25] Liu introduced the notions of
left and right degrees of irreducible morphisms of modules and showed their impor-
tance for describing the shapes of the components of the Auslander-Reiten quivers
of algebras of innite representation type. Let A be an algebra and f : X ! Y
an irreducible morphism in modA with X or Y indecomposable. Following [24]
the left degree dl(f) of f is innite, if for each positive integer n, for each mod-
ule Z 2 modA and each morphism g 2 <nA(Z;X) n <n+1A (Z;X) we have that
fg 62 <n+2A (Z; Y ). Otherwise, the left degree of f is the smallest positive integer
m such that there exists a morphism g 2 <mA (Z;X) n<m+1A (Z;X) for some module
Z 2 modA such that fg 2 <m+2A (Z; Y ). Dually, one can dene the right degree
dr(f) of f . The studies of degrees of irreducible morphisms as well as their com-
positions have attracted recently much attention (see [11]{[20] for some results in
this direction).
Following [36], a component C of  A is called generalized standard if <1A (X;Y )
= 0 for all modules X and Y in C . Then, by [36, Theorem 2.3] we know that
every generalized standard component C of  A is almost periodic, that is, all but
nitely many A-orbits in C are periodic. Further, a component C of  A is called
almost cyclic if all but nitely many modules of C lie on oriented cycles contained
entirely in C . Moreover, a component C of  A is called coherent if the following
two conditions are satised:
(C1) For each projective module P in C there is an innite sectional path
P = X1 ! X2 !    ! Xi ! Xi+1 ! Xi+2 !    ;
(C2) For each injective module I in C there is an innite sectional path
   ! Yj+2 ! Yj+1 ! Yj !    ! Y2 ! Y1 = I.
In the paper we study the niteness of degrees of irreducible morphisms between
indecomposable modules lying in generalized standard coherent almost cyclic com-
ponents of Auslander-Reiten quivers of algebras, plying a prominent role in the
representation theory of artin algebras (see [27]{[30], [32]{[33] for their structure
and importance). We also note that the class of algebras whose Auslander-Reiten
quiver admits generalized standard coherent almost cyclic components is wide and
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contains algebras of arbitrary non-zero, nite or innite, global dimension. In par-
ticular, all multicoil enlargements (see Section 2) of concealed canonical algebras
[35], generalized canonical algebras [38], and concealed generalized canonical alge-
bras [31] have this property. The following observation from [24, Lemma 2.2] is
relevant for our considerations: for every oriented cycle of irreducible morphisms
X0
f1   ! X1 f2   !    fn 1   ! Xn 1 fn   ! Xn = X0
between indecomposable modules in a module category modA, we have dl(fi) <1
and dr(fj) <1 for some i; j 2 f1; : : : ; ng.
The results presented below are analogous to those obtained in the paper [18].
More precisely, the facts about niteness of degrees of irreducible morphisms be-
tween indecomposable modules lying in coherent almost cyclic Auslander-Reiten
components without exceptional congurations of modules (see Section 3 for the
denition of these congurations) have been recently proved in [18]. Here, we
prove a suitable results for arbitrary generalized standard coherent almost cyclic
components of Auslander-Reiten quivers of algebras. We would like to stress that
generalized standardness assumption imposed on the considered components is es-
sential (see the proofs of Lemmas 3.3 and 3.4).
The main aim of this paper is to prove the following theorem.
Theorem 1.1. Let A be an algebra, C a generalized standard coherent almost
cyclic component of  A, and f : X ! Y an irreducible morphism in modA with
X;Y 2 C . Then the following equivalences hold.
(i) dl(f) = n if and only if there is a sectional path
Z0
g1   ! Z1 g2   !    gn 1   ! Zn 1 gn   ! Zn = X
of irreducible morphisms in modA with Z0; Z1; : : : ; Zn 1 in C such that
fgn : : : g1 = 0.
(ii) dr(f) = n if and only if there is a sectional path
Y = U0
h1   ! U1 h2   !    hn 1   ! Un 1 hn   ! Un
of irreducible morphisms in modA with U1; U2; : : : ; Un in C such that
hn : : : h1f = 0.
As an immediate consequence of the proof of Theorem 1.1 we obtain the fol-
lowing facts.
Corollary 1.2. Let A be an algebra, C a generalized standard coherent almost
cyclic component of  A, and f : X ! Y an irreducible morphism in modA with
X;Y 2 C . Then the following statements hold.
(i) If dl(f) <1, then f is an epimorphism.
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(ii) If dr(f) <1, then f is a monomorphism.
(iii) If dl(f) <1, then dr(f) =1.
(iv) If dr(f) <1, then dl(f) =1.
Moreover, from the proof of Theorem 1.1 and [23, Theorem 13.3] we receive the
following fact.
Corollary 1.3. Let A be an algebra, C a generalized standard coherent almost
cyclic component of  A, f : X ! Y an irreducible morphism in modA with X;Y 2
C , and n a positive integer. Then
(i) dl(f) = n if and only if the inclusion morphism  : Kerf ! X is such that
 2 <nA(Kerf;X) n <n+1A (Kerf;X).
(ii) dr(f) = n if and only if the quotient morphism  : Y ! Cokerf is such that
 2 <nA(Y;Cokerf) n <n+1A (Y;Cokerf).
For basic background on the representation theory of algebras we refer to the
books [1], [9] and [34]. We refer the reader to [24] for a detailed account on the
degrees of irreducible morphisms.
2. GENERALIZED STANDARD COHERENT ALMOST CYCLIC
COMPONENTS
Let A be an algebra. By a component of  A we mean a connected component of
 A. A component in  A of the form ZA1=( r), r  1, is said to be a stable tube of
rank r. Therefore, a stable tube of rank r in  A is an innite component consisting
of A-periodic indecomposable A-modules having period r. A stable tube of rank 1
is said to be homogeneous. Moreover, a stable tube T of  A admits a distinguished
A-orbit, called the mouth of T , consisting of modules having exactly one direct
predecessor and exactly one direct successor in T . An indecomposable module X
is called a brick if its endomorphism algebra EndA(X) is a division algebra. We also
note that the division algebras of all modules X lying on the mouth of a generalized
standard stable tube of  A are isomorphic. For a component C of  A we denote
by annA(C ) the annihilator of C in A, that is, the intersection of the annihilators
annA(X) of all modules X in C . If annA(C ) = 0, then C is called faithful. Finally,
two components C and D of  A are called orthogonal if HomA(X;Y ) = 0 and
HomA(Y;X) = 0 for all modules X in C and Y in D .
The following characterization of generalized standard stable tubes of an Auslan-
der{Reiten quiver has been established in [36, Corollary 5.3] (see also [37, Lemma
3.1]).
Proposition 2.1. Let A be an algebra and T a stable tube of  A. The following
statements are equivalent.
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(i) T is generalized standard.
(ii) The mouth of T consists of pairwise orthogonal bricks.
(iii) <1A (X;X) = 0 for any module X in T .
The fundamental role in the proofs of our main results will be played by the
following characterization of coherent almost cyclic Auslander{Reiten components
proved in [28, Theorem A].
Theorem 2.2. Let A be an algebra and C a component of  A. The following
conditions are equivalent.
(i) C is coherent and almost cyclic.
(ii) C is a generalized multicoil.
The main aim of this section is to recall the concepts of generalized multicoils
and generalized multicoil enlargements of algebras from [29, Section 3].
We start with the concepts of one-point extensions and one-point coextensions
of algebras. Let A be an algebra, let F be a division algebra over R, and let
M = FMA be an F -A-bimodule such that MA 2 modA and R acts centrally on
FMA. Then the one-point extension of A by M is the matrix artin R-algebra of
the form
A[M ] =

A 0
FMA F

=

a 0
m f

; f 2 F; a 2 A; m 2M

with the usual addition and multiplication. Then the valued quiver QA[M ] of
A[M ] contains the valued quiver QA of A as a convex subquiver, and there is
an additional (extension) vertex which is a source. We may identify the category
modA[M ] with the category whose objects are triples (V;X; '), where X 2 modA,
V 2 modF , and ' : VF ! HomA(M;X)F is an F -linear map. A morphism
h : (V;X; ') ! (W;Y;  ) is given by a pair (f; g), where f : V ! W is F -linear,
g : X ! Y is a morphism in modA and  f = HomA(M; g)'. Then the new
indecomposable projective A[M ]-module P is given by the triple (F;M; ) where
 : FF ! HomA(M;M)F assigns to the identity element of F the identity morphism
ofM . An important class of such one-point extensions occurs in the following situ-
ation. Let  be a basic artin R-algebra, P an indecomposable projective -module,
 = P Q, and assume that Hom(P;QradP ) = 0. Since P is indecomposable
projective, S = P= radP is a simple -module and hence End(S) is a division
algebra. Moreover, the canonical homomorphism of algebras End(P )! End(S)
is an isomorphism. Then we obtain isomorphisms of algebras
 = End() =

A 0
FMA F

= A[M ]
where F = End(P ), A = End(Q); and M = FMA = Hom(Q;P ) = radP .
Clearly R acts centrally on FMA. We note that if the valued quiver of an artin
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algebra  has no oriented cycles then  can be obtained from a semisimple algebra
by a sequence of one-point extensions of the above form.
Dually, one denes also the one-point coextension of A by FMA as the matrix
algebra
[M ]A =

F 0
D(FMA) A

:
For each bimodule FMA considered in the paper we assume that A is an algebra,
MA 2 modA; F is a division algebra, and R acts centrally on FMA.
A generalized multicoil is a translation quiver constructed inductively from
a stable tube by a sequence of operation called admissible. We recall briey the
notion of admissible operations (see [28], [29]).
For a division algebra F and r  1, we denote by Tr(F ) the rr-lower triangular
matrix algebra 266666664
F 0 0 : : : 0 0
F F 0 : : : 0 0
F F F : : : 0 0
...
...
...
. . .
...
...
F F F : : : F 0
F F F : : : F F
377777775
Given a generalized standard component   of  A, and an indecomposable mod-
ule X in  , the support S(X) of the functor HomA(X; ) j  is the R-linear category
dened as follows [3]. Let HX denote the full subcategory of   consisting of the
indecomposable modules M in   such that HomA(X;M) 6= 0, and IX denote the
ideal of HX consisting of the morphisms f :M ! N (with M;N in HX) such that
HomA(X; f) = 0. We dene S(X) to be the quotient category HX=IX . Follow-
ing the above convention, we usually identify the R-linear category S(X) with its
quiver.
From now on, we let A be an algebra and   a generalized standard component of
 A. We dene ve admissible operations and their duals modifying the translation
quiver   = ( ; ) to a new translation quiver ( 0;  0) and the algebra A to a new
algebra A0, depending on the shape of the support S(X) (see [28, Section 2] or [18,
Section 2] for the gures illustrating the modied translation quivers  0). In the
considerations below X is a brick, which is called a pivot, and F = FX = EndA(X)
is the division algebra associated to X.
(ad 1) Assume S(X) is an innite sectional path starting at X:
X = X0 ! X1 ! X2 !   
In this case, we let t  1 be a positive integer, D = Tt(F ) and Y1, Y2, : : :, Yt denote
the indecomposable injective D-modules with Y = Y1 the unique indecomposable
projective-injective D-module. We dene the modied algebra A0 of A to be the
one-point extension
A0 = (AD)[X  Y ]
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and the modied translation quiver  0 of   to be obtained by adding to   the quiver
 D and the rectangle consisting of the modules
Zij =

F;Xi  Yj;

1
1

for i  0; 1  j  t;
and X 0i = (F;Xi; 1) for i  0. The translation  0 of  0 is dened as follows:
 0Zij = Zi 1;j 1 if i  1; j  2;  0Zi1 = Xi 1 if i  1;  0Z0j = Yj 1 if j  2; Z01 is
projective,  0X 00 = Yt; 
0X 0i = Zi 1;t if i  1,  0( 1Xi) = X 0i provided Xi is not an
injective A-module, otherwise X 0i is injective in  
0. For the remaining vertices of
 0,  0 coincides with the translation of  , or  D, respectively.
If t = 0 we dene the modied algebra A0 to be the one-point extension A0 =
A[X] and the modied translation quiver  0 to be the translation quiver obtained
from   by inserting only the sectional path consisting of the vertices X 0i, i  0.
Since   is a generalized standard component of  A, we then have that  
0 is
a generalized standard component of  A0 .
In case   is a stable tube, it is clear that any module on the mouth of  
satises the condition for being a pivot for the above operation. Actually, the
above operation is, in this case, the tube insertion as considered in [22].
(ad 2) Suppose that S(X) consists of two sectional paths starting at X, one
innite and the other nite with at least one arrow:
Yt      Y2  Y1  X = X0 ! X1 ! X2 !   
where t  1. In particular, X is necessarily injective. We dene themodied algebra
A0 of A to be the one-point extension A0 = A[X] and the modied translation quiver
 0 of   to be obtained by inserting in   the rectangle consisting of the modules
Zij =

F;Xi  Yj;

1
1

for i  1;
1  j  t, and X 0i = (F;Xi; 1) for i  1. The translation  0 of  0 is dened as
follows: X 00 is projective-injective, 
0Zij = Zi 1;j 1 if i  2; j  2;  0Zi1 = Xi 1
if i  1;  0Z1j = Yj 1 if j  2;  0X 0i = Zi 1;t if i  2;  0X 01 = Yt;  0( 1Xi) = X 0i
provided Xi is not an injective A-module, otherwise X
0
i is injective in  
0. For the
remaining vertices of  0;  0 coincides with the translation  of  .
Since   is a generalized standard component of  A, we then have that  
0 is
a generalized standard component of  A0 .
(ad 3) Assume S(X) is the mesh-category of two parallel sectional paths:
Y1 ! Y2 !    ! Yt
" " "
X = X0 ! X1 !    ! Xt 1 ! Xt !   
where t  2. In particular, Xt 1 is necessarily injective. Moreover, we consider
the translation subquiver   of   obtained by deleting the arrows Yi !  1A Yi 1.
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We assume that the union b  of connected components of   containing the vertices
 1A Yi 1, 2  i  t, is a nite translation quiver. Then   is a disjoint union ofb  and a conite full translation subquiver  , containing the pivot X. We dene
the modied algebra A0 of A to be the one-point extension A0 = A[X] and the
modied translation quiver  0 of   to be obtained from   by inserting the rectangle
consisting of the modules
Zij =

F;Xi  Yj;

1
1

for i  j; 1  j  t;
and X 0i = (F;Xi; 1) for i  1. The translation  0 of  0 is dened as follows: X 00 is
projective,  0Zij = Zi 1;j 1 if i  j, 2  j  t,  0Zi1 = Xi 1 if i  1;  0X 0i = Yi if
1  i  t,  0X 0i = Zi 1;t if i  t + 1,  0Yj = X 0j 2 if 2  j  t,  0( 1Xi) = X 0i,
if i  t provided Xi is not injective in  , otherwise X 0i is injective in  0. For the
remaining vertices of  0;  0 coincides with the translation  of  . We note that
X 0t 1 is injective.
Since   is a generalized standard component of  A, we then have that  
0 is
a generalized standard component of  A0 .
(ad 4) Suppose that S(X) is an innite sectional path starting at X
X = X0 ! X1 ! X2 !    :
Moreover, we choose Y in   such that S(Y ) is a nite sectional path starting at Y
Y = Y1 ! Y2 !    ! Yt;
where t  1, S(X) and S(Y ) are disjoint, and FY = F = FX . Let r be a positive
integer. Moreover, we consider the translation subquiver   of   obtained by deleting
the arrows Yi !  1A Yi 1. We assume that the union b  of connected components
of   containing the vertices  1A Yi 1, 2  i  t, is a nite translation quiver. Then
  is a disjoint union of b  and a conite full translation subquiver  , containing
the pivot X. For r = 0 we dene the modied algebra A0 of A to be the one-point
extension A0 = A[XY ] and the modied translation quiver  0 of   to be obtained
from   by inserting the rectangle consisting of the modules
Zij =

F;Xi  Yj;

1
1

for i  0; 1  j  t;
and X 0i = (F;Xi; 1) for i  1. The translation  0 of  0 is dened as follows:
 0Zij = Zi 1;j 1 if i  1; j  2;  0Zi1 = Xi 1 if i  1;  0Z0j = Yj 1 if j  2; Z01
is projective,  0X 00 = Yt; 
0X 0i = Zi 1;t if i  1;  0( 1Xi) = X 0i provided Xi is not
injective in  , otherwise X 0i is injective in  
0. For the remaining vertices of  0;  0
coincides with the translation of  .
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For r  1, we dene the modied algebra A0 of A to be the triangular matrix
algebra of the form:
A0 =
266666664
A 0 0 : : : 0 0
Y F 0 : : : 0 0
Y F F : : : 0 0
...
...
...
. . .
...
...
Y F F : : : F 0
X  Y F F : : : F F
377777775
with r + 2 columns and rows and the modied translation quiver  0 of   to be
obtained from   by inserting the following modules
Usl =
8><>:
(F; Yl; 1) for s = 1, 1  l  t;
(F;Us;l 1; 1) for 2  s  r, 1  l < t+ s;
(F; 0; 0) for 2  s  r, l = t+ s
Zij =

F;Xi  Urj;

1
1

for i  0; 1  j  t+ r;
and X 0i = (F;Xi; 1) for i  0. In the above formulas Usl is treated as a module
over the algebra As = As 1[Us 1;1], where A0 = A and U01 = Y (in other words
As is an algebra consisting of matrices obtained from the matrices belonging to A
0
by choosing the rst s + 1 rows and columns). The translation  0 of  0 is dened
as follows:  0Zij = Zi 1;j 1 if i  1; j  2;  0Zi1 = Xi 1 if i  1;  0Z0j = Ur;j 1 if
2  j  t + r, Z01; Us1; 1  s  r are projective,  0Usl = Us 1;l 1 if 2  s  r,
2  l  t + r,  0U1l = Yl 1 if 2  l  t + 1,  0X 00 = Ur;t+r;  0X 0i = Zi 1;t+r if
i  1;  0( 1Xi) = X 0i provided Xi is not injective in  , otherwise X 0i is injective in
 0. For the remaining vertices of  0;  0 coincides with the translation of  , or  G,
respectively.
We note that if r  1, then the quiver QA0 of A0 is obtained from the quiver
of the double one-point extension A[X][Y ] by adding a path of length r + 1 with
source at the extension vertex of A[X] and sink at the extension vertex of A[Y ].
Since   is a generalized standard component of  A, we then have that  
0 is
a generalized standard component of  A0 .
To the denition of the next admissible operation we need also the nite versions
of the admissible operations (ad 1), (ad 2), (ad 3), (ad 4), which we noticed by
(fad 1), (fad 2), (fad 3) and (fad 4), respectively. In order to obtain this operations
all innite sectional paths of the form X0 ! X1 ! X2 !    (in the denitions of
(ad 1), (ad 2), (ad 3), (ad 4)) we replace by the nite sectional paths of the form
X0 ! X1 ! X2 !    ! Xs. For the operation (fad 1) s  0, for (fad 2) and
(fad 4) s  1, and for (fad 3) s  t  1. In all above operations Xs is injective (see
[28] or [29] for the details).
(ad 5) We dene the modied algebra A0 of A to be the iteration of the ex-
tensions described in the denitions of the admissible operations (ad 1), (ad 2),
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(ad 3), (ad 4), and their nite versions corresponding to the operations (fad 1),
(fad 2), (fad 3) and (fad 4). The modied translation quiver  0 of   is obtained
in the following three steps: rst we are doing on   one of the operations (fad 1),
(fad 2) or (fad 3), next a nite number (possibly empty) of the operation (fad 4)
and nally the operation (ad 4), and in such a way that the new projective vertices
lie on a common innite sectional path.
Since   is a generalized standard component of  A, we then have that  
0 is
a generalized standard component of  A0 .
Finally, together with each of the admissible operations (ad 1), (ad 2), (ad 3),
(ad 4) and (ad 5), we consider its dual, denoted by (ad 1), (ad 2), (ad 3), (ad 4)
and (ad 5). These ten operations are called the admissible operations.
Clearly, the admissible operations can be dened as operations on translation
quivers rather than on Auslander-Reiten components. The denitions are done in
the obvious manner (see [28] for the details).
A connected translation quiver   is said to be a generalized multicoil [28] if  
can be obtained from a nite family T1; T2; : : : ; Ts of stable tubes by an iterated
application of admissible operations (ad 1), (ad 1), (ad 2), (ad 2), (ad 3), (ad 3),
(ad 4), (ad 4), (ad 5) or (ad 5). If s = 1, such a translation quiver   is said to
be a generalized coil. The admissible operations of types (ad 1), (ad 2), (ad 3),
(ad 1), (ad 2) and (ad 3) have been introduced in [2], [3], and the admissible
operations (ad 4) and (ad 4) for r = 0 in [26]. We refer also [28, Section 2], [33,
Section 4] or [18, Section 2] for the examples of generalized multicoils.
Finally, let C be a (not necessarily indecomposable) algebra and T C a family
of pairwise orthogonal generalized standard stable tubes of  C . We say that an
algebra A is a generalized multicoil enlargement of C using modules from T C if A
is obtained from C by an iteration of admissible operations of types (ad 1)-(ad 5)
and (ad 1)-(ad 5) performed either on stable tubes of T C , or on generalized
multicoils obtained from stable tubes of T C by means of operations done so far.
Note that C is a quotient algebra of A.
The following theorem follows from Proposition 2.1 and the proof of Theorem
A in [29].
Theorem 2.3. Let A be an algebra, C be a component of  A, and B = A= annA(C ).
Then the following statements are equivalent:
(i) C is generalized standard and a generalized multicoil.
(ii) B is a generalized multicoil enlargement of an algebra C using modules from
a generalized standard family T C of stable tubes of  C and C is the general-
ized standard multicoil obtained from T C by the translation quiver admissible
operations corresponding to the algebra admissible operations leading from C
to B.
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3. PRELIMINARY RESULTS
Let A be an algebra, X; Y be the indecomposable modules in modA, and f :
X ! Y be an irreducible morphism in modA. If Y is not projective, denote by (Y )
the almost split sequence ending at Y and by (f) the number of indecomposable
direct summands of the middle term of (Y ). Dually, if X is not injective, we shall
denote by 0(X) the almost split sequence starting at X and by 0(f) the number
of indecomposable direct summands of the middle term of 0(X).
Let A be an algebra and C a generalized standard coherent almost cyclic com-
ponent of  A. We need the following notion. A vertex U of C is said to belong to
the mouth of C if U has at most one immediate predecessor or at most one imme-
diate successor. We note that any arrow U
!  ! V in C is pointing to innity (i.e.
there is an innite sectional path U
!  ! V   !    ) or is pointing to the mouth
(i.e. there is a nite sectional path U
!  ! V   !      ! W with W belonging
to the mouth of C ). Moreover, any generalized multicoil has only three types of
arrows: arrows pointing only to innity, arrows pointing only to the mouth and
arrows pointing to innity and to the mouth (see [28, Example], [33, Example 4.2]
or [18, Example 2.2]).
Following [18], a full translation subquiver of  A of one of the forms
   // Ns // Ns 1 // Ns 2 //

Ns 3 //

   // N3 //

N2 //
&&LL
LLL



N1
&&MM
MMM
 //  //    //  //  // 
or
 //M2 //M3 //    //Mr 3 //Mr 2 //Mr 1 //Mr //   
M1
88qqqqq
 //
OO
88qqqqq  //
OO
 //
OO
   //  //
OO

OO
where N1 and Ns are injective, M1 and Mr are projective, s; r  4, and
   ! Ns ! Ns 1 !    ! N2 ! N1; M1 !M2 !    !Mr 1 !Mr !   
are the innite sectional paths in  A, is said to be an exceptional conguration of
modules.
In the proof of Lemma 3.3 we shall need the following useful fact (see [18,
Lemma 3.2]).
Lemma 3.1. Let A be an algebra, s a positive integer, and f : X ! Y be an
irreducible morphism in modA. Let C be a component of  A which admits a mesh-
complete full translation subquiver of the form
 //  //    //  // Y
Y1 f1
// Y2 f2
//
g1
OO
Y3 //
g2
OO
   // Ys fs //
gs 1
OO
X
f
OO
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where Y1
f1   ! Y2 f2   !    fs 1   ! Ys fs   ! X is a sectional path of irreducible
morphisms in modA such that ffs : : : f1 = 0 and (g1) = 1. Then dl(f) = s, and
dl(gi) = i for i = 1; : : : ; s  1.
We shall need also the following direct consequence of lemma stated in [2, (2.1)].
Lemma 3.2. Let A be an algebra and
0!M1 [f1;u1]
t
     ! N1 M2 [u2;f2]     ! N2 ! 0;
0!M2 [f2;v1]
t
     ! N2 M3 [v2;f3]     ! N3 ! 0
be short exact sequences in modA. Then the sequence
0!M1 [f1;v1u1]
t
      ! N1 M3 [ v2u2;f3]      ! N3 ! 0
is exact.
Lemma 3.3. Let A be an algebra and C a generalized standard coherent almost
cyclic component of  A with an exceptional conguration of modules of one of the
forms
Y //M2 //M3 //    //Mr 3 //Mr 2 //Mr 1 //Mr //   
M1
88qqqqq
X //
f
OO
88qqqqq  //
OO
 //
OO
   //  //
OO

OO
or
   // Ns // Ns 1 // Ns 2 //

Ns 3 //

   // N3 //

N2 //
&&LL
LLL

X
g

N1
&&LL
LLL
 //  //    //  //  // Y
Then
(i) dr(f) =1 and dl(f) = m for some integer m  1.
(ii) dl(g) =1 and dr(g) = n for some integer n  1.
Proof. We shall prove only (i), because the proof of (ii) is dual. Let C be a gen-
eralized standard coherent almost cyclic component of  A. Consider the quotient
algebra B = A= annA(C ). Then C is a generalized standard component of  B.
Further, it follows from [39, Theorem 1] that the additive category add(C ) of C is
closed under extensions in modA, and hence also in modB. Then for every inde-
composable moduleM in C we have an isomorphism Ext1A(M;M)
= Ext1B(M;M),
and the equality EndA(M) = EndB(M), because M is a B-module. Therefore, we
may assume that annA(C ) = 0, that is, C is a faithful component of  A. Then
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it follows from Theorem 2.3 that there is an algebra C (not necessarily indecom-
posable) and a family T1;T2; : : : ;Ts of pairwise orthogonal generalized standard
stable tubes in  C such that A is a generalized multicoil enlargement of C us-
ing modules from T1;T2; : : : ;Ts, and C is the generalized multicoil obtained from
the stable tubes T1;T2; : : : ;Ts by an iterated application of the translation quiver
admissible operations corresponding to the algebra admissible operations of types
(ad 1){(ad 5) and (ad 1){(ad 5) leading from C to A. From the denition of the
generalized multicoil and [28, Lemmas 4.5, 4.6] we know that for the exceptional
conguration of modules with the irreducible morphism f we have the following
mesh-complete full subquiver in C
V //  //    //  // Y // M2 // M3 //    //  //  // Mr 1 // Mr //   
M1
::vvvv
Y1
f1
// Y2
f2
//
g
OO
Y3
OO
//    // Ym
fm
//
OO
X //
f
OO
;;www  //
OO

OO
//    //  //
OO

OO
where Y1
f1   ! Y2 f2   !    fm 1   ! Ym fm   ! X is a sectional path of length m such
that ffm : : : f1 = 0 for some integer m  1, and (g) = 1. Then, by Lemma 3.1,
dl(f) = n if and only if n = m, getting the result.
Assume that dr(f) = n < 1. Then, there exists an indecomposable module
Z in C and a morphism ' 2 <n(Y; Z)n<n+1(Y; Z) such that 'f 2 <n+2(X;Z).
Moreover, by [9, Proposition V. 7.4], there is a non-zero path of irreducible mor-
phisms  : Y  Z of length exactly n. Note that f is an epimorphism. Indeed,
applying Lemma 3.2 to the short exact sequences given by the meshes bounded by
the sectional paths: Y1 !    ! X, X ! Y and V !    ! Y (see gure above)
we get an exact sequence
0   ! Y1   ! X f  ! Y   ! 0:
Since f is an irreducible epimorphism we also have that there is a non-zero path
of irreducible morphisms of length n + 1, given by the composition X
f! Y  Z.
Indeed, if f = 0 and f is an epimorphism then  = 0.
Now, since 'f 2 <n+2(X;Z) and f is an epimorphism then 'f 6= 0. Hence
'f 2 <n+k(X;Z)n<n+k+1(X;Z), with k  2, because C is generalized standard.
Therefore, there exists a non-zero path of irreducible morphisms X  Z of length
exactly n + k, but any path from X to Z of length greater than n + 1 in C is
zero, which follows from the denition of the admissible operation (ad 5). More
precisely, in order to obtain the considered exceptional conguration of modules
we had to use an admissible operation (ad 5) in the following way: rst we did
one of the operations (fad 2) or (fad 3) with the pivot X, next a nite number
(possibly empty) of the operation (fad 4) and nally the operation (ad 4), and
in such a way that the new projective vertices lie on a common innite sectional
path. From the denition of the operation (fad 2) (respectively, (fad 3)) we know
that the set S (respectively, S) of all indecomposable modules N such that there
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exists a non-zero homomorphism from X to N is of the form (see Section 2)
S = fX = X0; X 00; Xk; X 0k; Yl; Y 0l ; Zkl j 1  k  s; 1  l  tg;
s  1; t  1 (respectively,
S = fX = X0; X 00; Xm; X 0m; Yl; Y 0l ; Zkl j 1  m  s; l  k  s; 1  l  tg;
s  t  1; t  2). Therefore, after applying the admissible operation (ad 5) we get
that the set S 0 (respectively, S 0) of all indecomposable modulesM such that there
exists a non-zero homomorphism from X to M in C consist the module X 00, the
modules lying on the sectional path X = X0 !    ! Xs, s  1, formed by arrows
pointing to the mouth, the modules lying on the sectional path X 01 !    ! X 0s
formed by arrows pointing to innity, and the modules lying on the innite sectional
paths Yl ! Z1l ! Z2l !    , 1  l  t, t  1, formed by arrows pointing to innity
(respectively, consists the modules X 00; : : : ; X
0
t 1, Y1; : : : ; Yt, t  2, the modules
lying on the sectional path X = X0 !    ! Xs, s  t   1, formed by arrows
pointing to the mouth, the modules lying on the sectional path X 0t !    ! X 0s
formed by arrows pointing to innity, and the modules lying on the innite sectional
paths Zll ! Zl+1;l ! Zl+2;l !    , 1  l  t, formed by arrows pointing to innity).
Hence, if there exists a non-zero path of irreducible morphisms from X to Z, then
Z 2 S 0 or Z 2 S 0 and any longer path of irreducible morphisms from X to Z in
C is zero. Thus, dr(f) =1. This nishes the proof.
Lemma 3.4. Let A be an algebra and C a generalized standard coherent almost
cyclic component of  A with an exceptional conguration of modules of one of the
forms
 //M2 //M3 //    //Mr 3 //Mr 2 //Mr 1 //Mr //   
M1
88qqqqq
X //
OO
f 88qqqqq  //
OO
 //
OO
   //  //
OO

OO
or
   // Ns // Ns 1 // Ns 2 //

Ns 3 //

   // N3 //

N2 //
&&LL
LLL



N1 g
&&LL
LLL
 //  //    //  //  // Y
Then
(i) dl(f) =1 and dr(f) =1.
(ii) dl(g) =1 and dr(g) =1.
Proof. We shall prove only (i), because the proof of (ii) is dual. Let C be a gen-
eralized standard coherent almost cyclic component of  A. As in the proof of the
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foregoing lemma, C is a faithful component of  A, A is a generalized multicoil en-
largement of an algebra C using modules from a family T1;T2; : : : ;Ts of pairwise
orthogonal generalized standard stable tubes in  C , and C is the generalized multi-
coil obtained from the stable tubes T1;T2; : : : ;Ts by an iterated application of the
translation quiver admissible operations corresponding to the algebra admissible
operations of types (ad 1){(ad 5) and (ad 1){(ad 5) leading from C to A.
Since M1 is projective we get that dl(f) =1.
Assume dr(f) = n <1. Then, there exists an indecomposable module Z in C
and a morphism ' 2 <n(M1; Z)n<n+1(M1; Z) such that 'f 2 <n+2(X;Z). More-
over, by [9, Proposition V. 7.4], there is a non-zero path of irreducible morphisms
 :M1  Z of length exactly n. Note that from the denition of (ad 5) starting with
(fad 2) (respectively, (fad 3)) we know that the set S (respectively, S) of all inde-
composable modules N such that there exists a non-zero homomorphism from M1
to N in C consist the modules lying on the following innite sectional paths formed
by arrows pointing to innity (see Section 2): M1 = X
0
0 ! Z11 ! Z21 !    ,
Z1l ! Z2l !    , for any 2  l  t, and X 01 ! X 02 !    (respectively,
X 0l ! Zl+1;l+1 ! Zl+2;l+1 ! Zl+3;l+1 !    , for any 0  l  t   1, with X 00 = M1
and X 0t ! X 0t+1 !    ), where X is the pivot of (fad 2) and t  1 (respectively,
(fad 3) and t  2).
We have now two cases to consider. Assume rst that 'f 6= 0. Since C is
generalized standard, we get 'f 2 <n+k(X;Z)n<n+k+1(X;Z), for some k  2.
Therefore, there exists a non-zero path of irreducible morphisms from X to Z of
length exactly n+k, but any path from X to Z of length greater than n+1 in C is
zero, as we have seen in the proof of the previous lemma. Assume now that there
is a zero path of irreducible morphisms of length n + 1, given by the composition
X
f! M1  Z. Since the monomorphism f : X ! M1 is xed, it follows from the
denition of (ad 5) with the considered exceptional conguration of modules that
the path of length n of irreducible morphisms fromM1 to Z is zero. Then, any path
of length n in the generalized multicoil C from M1 to Z is zero, a contradiction.
Therefore, we have dr(f) =1. This nishes the proof.
4. PROOF OF THEOREM 1.1
Let C be a generalized standard coherent almost cyclic component of  A. As
in the proof of Lemma 3.3, we may assume that C is a faithful component of  A.
Then, by Theorem 2.3, there is an algebra C (not necessarily indecomposable) and
a family T1;T2; : : : ;Ts of pairwise orthogonal generalized standard stable tubes
in  C such that A is a generalized multicoil enlargement of C using modules from
T1;T2; : : : ;Ts, and C is the generalized multicoil obtained from the stable tubes
T1;T2; : : : ;Ts by an iterated application of the translation quiver admissible op-
erations corresponding to the algebra admissible operations of types (ad 1){(ad 5)
and (ad 1){(ad 5) leading from C to A.
Let f : X ! Y be an irreducible morphism in modA with X; Y 2 C . The
proof will be carried out the same way as the proof of [18, Theorem A] with taking
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into account the possibility of appearing in C the exceptional congurations of
modules. We have several cases to consider.
(a) Assume (f) = 1 and f is pointing to innity. By [24, Proposition 1.12],
we get dl(f) = 1. Let us calculate the right degree of f . It follows from our
assumption on C that we have in this case one of the following three mesh-complete
full subquivers in C for the irreducible morphism f
AY
// X //
f

 //

   //  //

AW

Y //  //    //  //  // W
AY
// X //
f=g0

 //
g1

   //  //
gs 1

U
gs

Y //  //    //  // 
AY
// X //
f=h0

 //
h1

   //  //
ht 1

AW
ht

//
%%KK
KK

g0

V g
$$H
HH
H
Y //  //    //  //  // W
where U is injective, and s; t  0. It follows from the proof of [18, Theorem A] (the
case (a)) that:
 the rst conguration does not occur;
 for the second congurations we have dr(f) =1;
 if V is not injective, then for the third congurations we have dr(f) =1.
Assume now that V is injective. We claim that dr(f) = 1. First observe that
dr(ht) = 1. Indeed, if dr(ht) < 1 then, by [24, Corollary 1.3], dr

g0
g

< 1,
and so dr(g
0) < 1, dr(g) < 1. But then we get a contradiction because, by the
injectivity of V , dr(g) is innite. Now, if dr(f) < 1 then, by the dual version of
[24, Proposition 1.6],
dr(f) > dr(h1) > : : : > dr(ht 1) > dr(ht)
and we get a contradiction. Therefore, dr(f) =1 and this proves our claim.
(b) Assume (f) = 1 and f is pointing only to the mouth. It follows from the
proof of [18, Theorem A] (the case (b)) that dl(f) = 1 and dr(f) =1.
(c) Assume (f) = 2 and f is pointing to innity. Let us calculate the left
degree of f . It follows from our assumption on C and the proof of [18, Theorem
A] (the case (c)) that we have in this case one more mesh-complete full subquiver
in C for the irreducible morphism f , namely
   // Ns // Ns 1 //  //

 //

   // N3 //

N2
//
##GG
GG


ht

// 
ht 1

//    // AY
h1

// X
f

N1
##HH
HH
 //  //    //  //  // W //  //    //  // Y
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where N1 and Ns are injective, and s  4, t  1. We claim that dl(f) =1. Indeed,
it follows from Lemma 3.3(ii) that dl(ht) =1. Further, if dl(f) <1 then, by [24,
Proposition 1.6],
dl(f) > dl(h1) > : : : > dl(ht 1) > dl(ht)
and we get a contradiction. Hence, dl(f) =1.
For the right degree of f our claim follows from the proof of [18, Theorem A]
(the case (c)).
(d) Assume (f) = 2 and f is pointing only to the mouth. Our claim follows
from the proof of [18, Theorem A] (the case (d)).
(e) Assume (f) = 3. If the irreducible morphism f belongs neither to an
exceptional conguration of modules nor to the mesh with exactly three middle
terms created by an operation of type (fad 3) or (fad 3), then our claim follows
from the proof of [18, Theorem A] (the case (e)). Otherwise, we have to consider
the following three subcases.
(e1) In the rst subcase the component C contains the following mesh-complete
full subquiver
   //  //

 //

 //

 //

   //  //

AN2
//
k

%%KK
KK

h1

 h2
$$HH
HHH
   // Ns // Ns 1 // Ns 2 //

Ns 3 //

   // N4 //

N3
//

N2
f1 //
f2
$$I
II
I

M
g1

N1 g2
$$I
II
I
 //  //    //  //  // W1 g3 //

Y

W2
//



...
...
where N1, Ns are injective, s  4, and f 2 fg1; g2; g3g.
Now, if f = g1, X =M then, by Lemma 3.3(ii) and its proof, we get dl(g1) =1
and dr(g1) = n if and only if there is a sectional path
Y = U0
u1   ! U1 u2   !    un 1   ! Un 1 un   ! Un
of irreducible morphisms in modA with U1; U2; : : : ; Un in C such that un : : : u1g1 =
0 for some integer n  1.
Further, if f = g2, X = N1 then, by Lemma 3.4(ii), we have dl(g2) = 1 and
dr(g2) =1.
Finally, we shall show that dl(f) = 1 and dr(f) = 1 for f = g3, X = W1.
From the denition of a generalized multicoil we know that there exists the innite
sectional path W1 ! W2 !    in C such that Y W2 is a summand of 0(W1).
Then using the dual version of [24, Corollary 1.6] we receive that dr(g3) =1. We
next prove that dl(g3) is innite. First observe that dl(k) is innite. Indeed, by
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the denition of the exceptional conguration of modules there exists the innite
sectional path    ! Ns ! Ns 1 !    ! N4 ! N3 in C . Moreover, from the
denition of a generalized multicoil we know that the above sectional path is such
that AN2  N4 is a summand of (N3). Then using [24, Corollary 1.6] we get
dl(k) = 1. Further, if dl(g3) < 1 then, by [24, Corollary 1.2], dl

f1
f2

< 1 and,
by [24, Lemma 1.11], dl

h1
h2

<1. Hence, again by [24, Corollary 1.2], dl(k) <1,
a contradiction. Therefore, dl(g3) =1.
(e2) In the second subcase the component C contains the following mesh-
complete full subquiver
 //  //  //    //  //  //  //   

99sssss
N
g1 // M2
3 //
::ttttt
OO
M3
4 //
OO
M4
//
OO
   // Mr 2 r 1//
OO
Mr 1
r //
OO
Mr
//
OO
  
M1
g2 99sssss
M0
f3
//
f1
OO
f2 99sssss
W1
//
g3
OO
 //
OO
 //
OO
   // 
OO

OO
// W2
OO
...
OO
...
OO
where M1, Mr are projective, r  4, and f 2 fg1; g2; g3g.
Now, if f = g1, X = N , Y = M2 then, by [24, Proposition 1.12], we get
dr(g1) = 1. We claim that dl(g1) is innite. Assume dl(g1) < 1. Then, by [24,
Corollary 1.2], dl

f2
f3

< 1. Hence dl(f2) < 1 and dl(f3) < 1, but applying
Lemma 3.4(i), we have dl(f2) =1. This contradiction proves our claim.
Further, if f = g2, X = M1, Y = M2 then, again by [24, Proposition 1.12],
we get dr(g2) = 1. We next prove that dl(g2) is innite. First observe that dl(f3)
is innite. Indeed, we know that in the sequence of admissible operations used to
create the component C , there is at least one operation of type (ad 1) or (ad 5)
which contains the operation (fad 1) which gives rise to the pivot M0 of (fad 3) in
the support of HomA(M0; ) restricted to the generalized multicoil containing M0.
The operations done after must not aect this support. Note that, in general, in
the sequence of admissible operations used to create of C can be an operation of
type (ad 5) which contains an operation (fad 4) which gives rise to the pivot M0 of
(fad 3) but from [29, Lemma 3.10] this case can be reduced to (ad 5) which contains
an operation (fad 1). Therefore, in particular we have the innite sectional path
   ! W2 ! W1 in C such that M0 W2 is a summand of (W1). Then using
[24, Corollary 1.6] we get dl(f3) = 1. Now, assume dl(g2) < 1. Then, by [24,
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Corollary 1.2], dl

f1
f3

<1. Hence dl(f1) <1 and dl(f3) <1, but dl(f3) =1 as
shown above. This contradiction proves that dl(g2) =1.
Finally, if f = g3, X = W1, Y = M2 then we have r 1 : : : 43g3 = 0 for some
integer r  4, where
M2
3   !M3 4   !    r 2   !Mr 2 r 1   !Mr 1
is a sectional path of length r   3. By the dual version of Lemma 3.1, dr(g3) = n
if and only if n = r   3, getting the result. We claim that dl(g3) = 1. Indeed,
if dl(g3) < 1 then, by [24, Corollary 1.2], dl

f1
f2

< 1. Hence dl(f1) < 1 and
dl(f2) < 1, but applying Lemma 3.4(i), we have dl(f2) = 1. This contradiction
proves our claim.
(e3) In the last subcase the component C contains the following mesh-complete
full subquiver
 //  //  //   

::uuuuu
V1
g1 // Y //
99ttttt
OO
 //
OO
 //
OO
  
N
g2 99sssss
 h1 // V2
f3
//
f2 ::ttttt
f1
OO
W1
//
g3
OO
U //
OO
 //
OO
  

h2 ::uuuuu
AV2
k
//
OO
99rrrrr
V3
//
OO
W2
OO
AV3
OO
// V4
OO
// W3
OO
...
OO
...
OO
...
OO
where N is neither projective nor injective, and f 2 fg1; g2; g3g.
Now, if f = g1, X = V1 then, by [24, Proposition 1.12], we get dr(g1) = 1.
We shall show that dl(g1) is innite. First observe that dl(f3) is innite. Indeed,
by the denition of a generalized multicoil we know that there exists the innite
sectional path    ! W2 ! W1 in C such that V2 W2 is a summand of (W1).
Then using [24, Corollary 1.6] we get dl(f3) =1. Further, if dl(g1) <1 then, by
[24, Corollary 1.2], dl

f2
f3

<1. Hence dl(f2) <1 and dl(f3) <1, but dl(f3) =1
as shown above. This contradiction proves that dl(g1) =1.
If f = g2, X = N then, again by [24, Proposition 1.12], we get dr(g2) = 1.
We claim that dl(g2) = 1. Indeed, if dl(g2) < 1 then, by [24, Corollary 1.2],
dl

f1
f3

< 1. Hence dl(f1) < 1 and dl(f3) < 1, but dl(f3) = 1 as shown above.
This contradiction proves our claim.
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Finally, we shall show that dl(f) = 1 and dr(f) = 1 for f = g3, X = W1.
From the denition of a generalized multicoil we know that there exists the innite
sectional path W1 ! U !    in C such that Y  U is a summand of 0(W1).
Then using the dual version of [24, Corollary 1.6] we receive that dr(g3) =1. We
next prove that dl(g3) is innite. First observe that dl(k) is innite. Indeed, again
by the denition of a generalized multicoil we know that there exists the innite
sectional path    ! V4 ! V3 in C such that AV2  V4 is a summand of (V3).
Then using [24, Corollary 1.6] we get dl(k) = 1. Further, if dl(g3) < 1 then, by
[24, Corollary 1.2], dl

f1
f2

< 1 and, by [24, Lemma 1.11], dl

h1
h2

< 1. Hence,
again by [24, Corollary 1.2], dl(k) <1, a contradiction. Therefore, dl(g3) =1.
We use dual arguments to compute all cases for 0(f).
We note that in the course of the above proof the statements presented in
Corollary 1.2 have been obtained.
5. PROOF OF COROLLARY 1.3
The proof is identical as in [18, Corollary C]. We shall repeat it here for the
convenience of the reader. We shall prove only (i), because the proof of (ii) is dual.
If dl(f) = n then by Theorem 1.1 there is a sectional path
Z0
g1   ! Z1 g2   !    gn 1   ! Zn 1 gn   ! Zn = X
of irreducible morphisms in modA with Z0; Z1; : : : ; Zn 1 in C such that fgn : : : g1 =
0. Then gn : : : g1 factors through Kerf . Thus, we have gn : : : g1 = ', where
' : Z0 ! Kerf and  : Kerf ! X is the inclusion morphism. Hence, we infer that
 2 <nA(Kerf;X) n <n+1A (Kerf;X) and therefore Z0 = Kerf .
If  2 <nA(Kerf;X) n <n+1A (Kerf;X) then dl(f)  n. Assume that dl(f) = m <
n. Again, by Theorem 1.1, there is a sectional path
X0
h1   ! X1 h2   !    hm 1   ! Xm 1 gm   ! Xm = X
of irreducible morphisms in modA withX0; X1; : : : ; Xm 1 in C such that fhm : : : h1
= 0. Then hm : : : g1 =  , where  : X0 ! Kerf , a contradiction to the fact that
 2 <nA(Kerf;X) n <n+1A (Kerf;X) proving the result.
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